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Abstract Step changes in input current are known to induce
partial phase synchrony in ensembles of leaky integrate-and-
fire neurons operating in the oscillatory or “regular firing”
regime. An analysis of this phenomenon in the absence of
noise is presented based on the probability flux within an en-
semble of generalized integrate-and-fire neurons. It is shown
that the induction of phase synchrony by a step input can be
determined by calculating the ratio of the voltage densities
obtained from fully desynchronized ensembles firing at the
pre and post-step firing rates. In the limit of low noise and
in the absence of phase synchrony, the probability density
as a function of voltage is inversely proportional to the time
derivative along the voltage trajectory. It follows that the
magnitude of phase synchronization depends on the degree
to which a change in input leads to a uniform multiplication
of the voltage derivative over the range from reset to spike
threshold. This analysis is used to investigate several factors
affecting phase synchronization including high firing rates,
inputs modeled as conductances rather than currents, peri-
threshold sodium currents, and spike-triggered potassium
currents. Finally, we show that without noise, the equilib-
rium ensemble density is proportional to the phase response
curve commonly used to analyze oscillatory systems.
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Introduction

It is well-known that transient changes in inputs can cause
populations of leaky integrate-and-fire (LIF) oscillators to
partially synchronize their spiking output (Brown et al.,
2004a; Gerstner, 2000; Knight et al., 2000), and that patterns
of synchrony in a neuron’s input can play an important role in
determining it’s output (Salinas and Sejnowski, 2001). Thus,
understanding the biophysical mechanisms that control this
synchronization can play an important role in uncovering
the functional properties of neural circuits (e.g. Brown et al.,
2004b).

The phenomenon of transient-induced phase synchroniza-
tion is clearly illustrated by considering the firing rate of a
large ensemble of identical LIF neurons driven by a fixed
external current. In the low-noise or “regular firing” regime,
each LIF neuron acts like a neural oscillator, producing a
regular train of action potentials. The ensemble firing rate is
defined as the density of spikes produced at any given time,
and is directly analogous to the peri-stimulus time histogram
(PSTH) commonly measured in electrophysiological exper-
iments (Fig. 1). Assuming that the ensemble is completely
desynchronized, the ensemble rate will be constant and equal
to the reciprocal of the interspike interval (ISI) in an indi-
vidual neuron, termed the “ISI rate.” If the external current
undergoes a step increase, two things happen: (i) the overall
ensemble rate also undergoes a step increase; (ii) the ensem-
ble rate oscillates with a period equal to the ISI of individual
neurons (Fig. 1, left). This oscillation reflects partial phase
synchronization: all neurons in the ensemble have a identi-
cal ISIs, but more neurons are firing at some phases of the
oscillation than at others.

The usual explanation for this phenomenon is that the
leak current causes the voltage trajectory to slow down as
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Fig. 1 Partial phase synchronization may or may not result from step
changes in input. (A) A step change in input is introduced to the LIF
model at time + = 0 producing a change in rate from 20 to 40 Hz in
individual neurons (see section Mechanisms Affecting Phase Synchro-
nization for parameters). Left: step increase in current (1.067 — 1.301
1A/cm?). Right: step increase in excitatory and inhibitory conductances
(ex: 0.0152— 0.0305 mS/cm?; inh: 0.0223 — 0.0570 mS/cm?). B)
Example voltage traces starting with V = Vi att = — 75 msec. (C)
Raster plot of n = 100 trials with equally spaced initial phases shown

it nears threshold. Taking a snap-shot of the distribution of
voltages, an excess fraction will have voltages just below
threshold. When the current is increased, these neurons will
cross threshold together resulting in a transient increase in
the ensemble rate above and beyond the step increase in the
ISI rate. Although this explanation is largely correct, it is in-
complete. This becomes clear if we consider a change in rate
due to a sudden change in synaptic conductance, rather than
a step change in input current. For specific patterns of con-
ductance change, the ensemble can display sudden changes
in firing rate yet remain completely desynchronized (Fig. 1,
right; see section on Synaptic Conductances in Results). In
both cases, before the transition there is an excess fraction of
the ensemble having voltages just below threshold. But for
the conductance change, this excess fraction does not give
rise to phase synchronization.

This article aims to clarify the factors contributing to
phase synchronization within a broad class of generalized
integrate-and-fire (IF) models. A simple framework for un-
derstanding this phenomenon is derived based on the well-
known population density approach (e.g. Fourcaud-Trocme
and Brunel, 2005; Gerstner and Kistler, 2002; Knight,
1972; Moreno-Bote and Parga, 2005; Naundorf et al., 2005;
Nykamp and Tranchina, 2000). This framework is then used
to examine how several biological mechanisms affect phase
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in randomized order. (D) Analytically calculated ensemble firing rate,
analogous to the PSTH from a raster plot with n— 0o . The step change
in current induces partial phase synchrony, resulting in an oscillation
of the ensemble firing rate. For conductance-step plots (right), the leak
conductance was reduced and pre-step synaptic inputs were chosen so
that the total conductance matched that of the current-based simulations
before the step. Specific values of the input conductances were chosen
in order to eliminate phase synchrony (see Fig. 3 legend for parameters)

synchrony. In particular, we show how differences in overall
spike rates, peri-threshold sodium currents, after-spike potas-
sium currents, and synaptic conductances affect the magni-
tude of transient-induced phase synchronization.

Methods

We confine most of our analyses to the class of generalized
IF neurons whose subthreshold dynamics is defined by

C v FV)y+1 1

i V)+ ey
where C is the membrane capacitance, F(V) is the total intrin-
sic membrane current, and / an external or synaptic current.
For the standard LIF model, F(V) = g;(Viest — V') where
g/ is the leak conductance and Vi is the resting poten-
tial. Recently researchers have considered additional nonlin-
ear terms. Two popular models are the quadratic integrate-
and-fire model (Ermentrout, 1996; Latham et al., 2000) and
the exponential integrate-and-fire (EIF) model (Fourcaud-
Trocme et al., 2003), named for the functional form of a
nonlinear term added to the leak current. The “fire” aspect of
these models is implemented by marking a spike whenever
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the voltage trajectory reaches a fixed value of the voltage
Vispike, re€setting the voltage to a value Ve, and then return-
ing to Eq. (1). A defining feature of this class of models is
their one dimensional nature. The resetting property serves
to dynamically “connect” the spiking and reset voltages, ef-
fectively turning voltage into a circular variable (Ermentrout
and Kopell, 1986). If the input current is large enough, the
voltage derivative is always positive and the neuron oscil-
lates, tracing repeated circles around its one-dimensional
state space.

All simulations included a step change in input current
from a level I~ before the step to I after the step. Currents
were chosen by using firing frequency vs. current (f-I) curves
to determine the levels of current needed to produce specified
single unit firing rates on either side of the step, »~ and r*.
Values for the one dimensional LIF model were generated
analytically. For the EIF model, f-I curves were generated
via numerical simulations with constant current stepped at
0.001 pA/cm? intervals. Linear interpolation of the f-I val-
ues was used to determine the level of current level needed
to produce a given rate. Theoretically, the spiking voltage
for the EIF model is set to be Ve = +00. Practically,
at depolarized voltages the exponential current completely
dominates the dynamics, and the time that it takes for the
voltage to diverge to infinity can be calculated analytically
using this current alone. Following Fourcaud-Trocme et al.
(2003), we let Vpike = — 30 mV and set spike times 0.066
msec later. Simulations used the Euler method with dt =
0.001 msec and linear interpolation to more accurately de-
termine the time at which voltage crossed Vpire. For both
models, post-transition ensemble rates were determined an-
alytically according to Eq. (10) derived below.

We also considered a two-dimensional LIF model with an
added spike-triggered potassium conductance:

av
CE=F(V)+M(VK—V)+[ 2)
Tull = 3)
U — Upser after aspike )

where Vi is the potassium reversal potential. Levels of cur-
rent injection were determined using simulated f—I curves as
above. The dynamics of the exponentially decaying potas-
sium conductance was solved analytically, whereas the volt-
age trajectory was determined using Euler’s method. To de-
termine post-transition ensemble firing rates in this model,
numerical simulations of 201 trajectories were performed.
Their initial conditions delimited 200 intervals (size =
.25 msec) that were equally spaced before the input step.
The ensemble rate after the step was estimated as the inverse
of the corresponding interspike intervals.

Results
Population densities

To analyze the dynamics of the ensemble firing rate, we
use the population density approach. This approach has
a long history in computational neuroscience (e.g. Amari,
1974; Knight, 1972; Stein, 1965; Wilson and Cowan, 1972),
and has been exploited and elaborated by a number of re-
searchers over the past several years (e.g. Brunel, 2000;
Fourcaud-Trocme and Brunel, 2005; Gerstner and Kistler,
2002; Moreno-Bote and Parga, 2005; Naundorf et al., 2005;
Nykamp and Tranchina, 2000; Omurtag et al., 2000). We
consider an ensemble of solutions to the IF model given by
Eq. (1), and examine the dynamics of the density of solu-
tions as a function of time and voltage. That is, we want to
examine the dynamics of the density function p(¢, V') where
p(t, V) dV is the probability of finding a given solution in
a small interval of width dV around the voltage V at time ¢.
To keep things simple, we will consider noiseless systems
with piecewise constant inputs. The addition of low levels of
noise yields similar dynamics but with an additional diffusive
term that pushes the voltage distribution toward equilibrium.
High levels of noise can drive the dynamics into the “ran-
dom firing” regime where the model no longer acts like an
oscillator.

Our analysis is directed toward formalizing the intuition
that in the LIF model there is an “excess” of solutions near
threshold that causes a surge of firing when the current is sud-
denly increased. Consider an initial density po(V'). If po(V')
is large at a certain value of V, this will result in a high fir-
ing rate after a delay equal to the time it takes for solutions
starting at V to reach threshold. Similarly a small value of
po(V) will result in a low firing rate after an appropriate
delay. To define “large” and “small” relative to the appro-
priate baseline, we assume that the ensemble begins in the
fully desynchronized state where the density of phases (not
of voltages) is uniform. In this state, the rate at which tra-
jectories “flow past” any voltage V will be independent of V
(and time). This flow rate is known as the probability flux,
and for noiseless systems is equal to the density of solutions
at a given voltage, p(V), multiplied by their velocity, %(V).

The ensemble firing rate r is simply the flow rate (flux)
crossing the spiking voltage.

dv
r= p(vlhresh)z(vlhresh) ()

For the desynchronized state, r is constant and equal to the
ISI rate rg. Since the flux is independent of voltage,

av
rist = ﬁ(V)E(V) (6)
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where (V') denotes the density in the desynchronized state.
Thus, for noiseless systems the equilibrium density is in-
versely proportional to the voltage derivative (Ricciardi,
1977).

By definition, if the initial density po(V) = (V) then
the ensemble fires at a constant rate. However, suppose that
the initial density po(Vp) were twice as large as equilibrium
density p(Vy) for some initial voltage V. This increased
density will flow toward threshold and eventually result in
a firing rate equal to two times rig;'. More generally, the
density p(Vy) forms the appropriate baseline so that the ratio
p0(Vo)/p(Vp) determines whether the initial density results
in an increased or decreased firing rate when reaching thresh-
old. That is,

po(Vo(2))

_ 8
YA(Vot)) ®

r(t) =ris

where V((¢) is the initial voltage of the trajectory that pro-
duces a spike at time 7.

Equation (8) yields a simple method for analytically
calculating the ensemble firing rate after a step change
in input at time ¢t = 0. We will use +/— superscripts
to denote quantities related to the system after/before the
change in input. Suppose that the ensemble is desynchro-
nized for ¢ < 0 with density g~ (V). Given a sudden change
at t+ = 0, this density serves as the initial condition for
the dynamics with 7 > 0. Letting g*(V) be the desyn-
chronized density for the level of input after the step,
we have

p~(Vo(®)

A 9
L pt(Vo(t)) ®

. L
r(t) =rgg

where rf; is the ISI rate after the step. So for step inputs, the
pattern of phase synchrony is determined by the ratio of the
desynchronized densities before and after the step. Now we
can use Eq. (7) to write the firing rate in terms of the voltage
derivative:

rist/ G (Vo) . ‘f,—‘[/+(V0(t))

=7 —
/W) T (Ve

r(t) = rlgl (10)

If we denote the ratio of voltage derivatives before and after
the step change in input by «(V'), we have

r(t) = rg a(Vo(r)) (1)

! The presentation here is related to the method of characteristics for
solving partial differential equations.
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It follows that the magnitude of phase synchronization is
determined by the degree to which changes in input lead to
a uniform multiplication of the voltage derivative along the
path from Vieger 10 Vipike.

Mechanisms affecting phase synchronization

To illustrate how various biological mechanisms af-
fect the range of « values, and hence phase synchro-
nization, we consider a step change in input that in-
creases single unit firing rates from rig; = 20 Hz to rj; =
40 Hz. Although not discussed, the effects of step de-
creases in input can be readily understood by inverting
the arguments presented below. As a particular exam-
ple, we start with a typical LIF model: F(V) = g;(Viest —
V), with C =1 uF/cmz, R=1/g=20 mSZ/cmz, Viest =
=70 mV, Vgixe = =50 mV, and Vieger = —65 mV. We find
that the maximum and minimum firing rates after a step
increase in external current are 89.8 Hz and 25.7 Hz respec-
tively, corresponding to @ = 4.49 and « = 1.29 (Fig. 1D,
left). The remainder of this section explores several mecha-
nisms affecting phase synchronization. For conceptual sim-
plicity, we describe our results in terms of the conditions
necessary to reduce phase synchronization from the rela-
tively high levels of synchronization seen in this model.

Firing rate effects

If we take the identical LIF model and consider a step change
in current that doubles the ISI rate from 100 to 200 Hz in-
stead of from 20 to 40 Hz, transient-induced synchroniza-
tion is reduced. The maximum and minimum firing rates
after the step are 229 Hz and 178 Hz respectively, corre-
sponding to o = 2.49 and « = 1.78. The reason why the
phase synchronization is reduced at high rates can be under-
stood in several ways (cf. Brown et al., 2004b; Hermann and
Gerstner, 2001). Intuitively, at high rates the voltage doesn’t
slow down much as it approaches spike threshold. As aresult,
there is no surplus of solutions sitting just below threshold
that spike as a group when rates are increased. Analytically,
the equation for a(V) is

v+ +
wyy = SV _FW 4

tﬁl_‘t/’(v) TF(WV)+1I- (12)

where I~ and I represent the levels of current before and
after the step. It follows that if the external currents /™ and
I~ are significantly larger than the intrinsic currents F(V),
then %+ 4v™ ~ [*/I~ forall V. Since a(V) is nearly con-
stant, the phase synchrony induced by the transient change
from I~ to I' will be small. Graphically, at higher rates the

range of voltage derivatives rests on top of a relatively high
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Fig.2 Summary of mechanisms affecting phase synchronization (see
text for details). Voltage derivative is plotted as a function of voltage
before (lower line) and after (upper line) a step increase in input. The
ratio of voltage derivatives « is shown for specific values of the voltage.
(A) At high firing rates (transitions from 100 to 200 Hz; solid lines),
the difference in leak current between reset and threshold voltages is
less significant relative to the magnitude of the external current. Dotted
lines: low rate transitions from 20 to 40 Hz. (B) A specific combination
of input conductances causes a uniform multiplication of the voltage
derivative, eliminating phase synchronization. (C) The depolarizing

baseline (Fig. 2A, solid lines). Therefore, vertically translat-
ing the line by changing I is roughly equivalent to scaling
the derivative by a constant.

Synaptic conductances

An alternative to overpowering the intrinsic current term
F (V) is to consider changes in input that increase the voltage
derivative in a manner that is matched to the voltage depen-
dence of F(V). In particular, we will show that a LIF model
receiving a particular step change in synaptic conductances
can result in a transition in firing rates that induces no phase
synchrony (Fig. 1, right). By adding excitatory and inhibitory
conductances to the LIF equations we obtain

dv
CE =81(Viet = V) + 8 (Ve = V) + (Vi =V)  (13)

where g, and g; are the level of excitatory and inhibitory con-
ductances, with reversal potentials V, and V; respectively. If

LIF —a conductance inputs

o=2forallV 15

dV/dt (mV/ms)

0.5
0
-65 -60 -55 -50
D
LIF w/ mAHP current
2
1.5
i
£
>
£
3
>
©

-65 -60 -55 -50
V (mV)

current in the EIF model reduces the maximum value of « by “speed-
ing up” trajectories as they approach threshold (vertical dashed line;
see section). During the spike, intrinsic currents dominate, yielding
a = 1. Dotted lines: derivatives with exponential current removed.
(D) The addition of a potassium conductance “slows down” voltage
trajectories after a spike, resulting in more uniform values of the volt-
age derivative. However, just after a transient the input current has
increased, but the potassium current has not (dotted line), resulting in
only a modest reduction in phase synchronization

weletG = g; + g. + g; be the total membrane conductance,
then we have

dv
IE ==V +(glvrest+geve +glvl)/G

=-V4+V® (14)
where T = C/G is the membrane time constant and V>
is the equilibrium voltage in the absence of spiking. It fol-
lows that if changes are made in g, and g; that affect
but leave V*° unchanged, then we will achieve a multi-
plicative scaling of ”(’1—‘: at all voltages. The desynchronized
voltage distribution will be identical before and after the
change in input and no phase synchrony will be induced
(Fig. 2B).

2 Itis easy to show that the condition on the change in conductances Ag,
and Ag; that guarantees V°° remain fixed is that the new conductances
have a net reversal potential equal to V*°, i.e. (Ag. V. + Ag; Vi)/(Ag. +
Agi) = V™.
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Fig. 3 Different patterns of phase synchrony induced by changing
input conductances. In all simulations, the pre-step parameters were:
Rate =20 Hz; t =20 msec; V>® = —48.66 mV; exc. cond. = 0.0152
mS/cm?; inh. cond. = 0.0223mS/cm?. The post-step parameters were:
(A) Rate =40 Hz; T =12.49 msec; V*° = —47.66 mV; exc. cond. =
0.0256 mS/cm?; inh. cond. = 0.0420 mS/cm?. (B) Rate =40 Hz; t:
20 /6.57 msec; V>®° = —49.66 mV; exc. cond. = 0.0442 mS/cm?; inh.
cond. = 0.0955 mS/cm?. (C) Rate = 20 Hz; v = 13.14 msec; V>® =
—49.66 mV; exc. cond. = 0.0221 mS/cm?; inh. cond. = 0.0415 mS
Jem?, Leak cond. = 0.0125 mS/cm? for A—C and Fig. 1 (right)

If inputs are chosen that don’t exactly match this criterion,
phase synchrony will be reduced, but not eliminated. Inter-
estingly, the shape of the post-transient pattern of firing rates
will be reversed depending on whether the change in input
increases or decreases the value of V°°. For input changes
that increase overall firing rate and push V*° to more depo-
larized levels, the ensemble rates will resemble the pattern
for an increase in current, but the modulation will be reduced
(Fig. 3A). However, for input changes that increase overall
firing rate yet decrease V> to more hyperpolarized levels,
the pattern of post-transient firing rates will be reversed with
the peak rate occurring at the end rather than the beginning
of the cycle (Fig. 3B). To increase rates while reducing V*>°
requires the input to contain a large fraction of inhibitory
input so that increase in firing is due to a large increase
in membrane conductance which substantially reduces the
membrane time constant. It is also clear from this analysis
that a transient change in input could change V*° and t in
such a way that overall firing rate stays constant. Phase syn-
chrony is still induced since these changes affect the shape
of the equilibrium density (Fig. 3C).

Sodium currents

An alternative strategy for reducing phase synchroniza-
tion is for the intrinsic current term F(V) to be relatively

2 Springer

constant over V. That way, a vertical translation of the
”2—‘[/ line will approximate a vertical scaling. One way to
counteract the negative slope in F(V) contributed by the
leak current is to speed up the voltage as it approaches
threshold. Natural candidates for such a mechanism are
fast sodium currents, either the non-inactivating “persistent”
sodium current or the transient current that contributes to
spiking.

A common method for simplifying the dynamics of such
fast currents is to assume that the activation state of the
current is an instantaneous function of the voltage ¥ (V),
so that F(V) = g/(Viest — V) + ¥ (V). In a further simpli-
fication, Fourcaud-Trocme et al. (2003) have shown that
near threshold, ¥ (V) can be approximated by an exponential
function, yielding the exponential integrate-and-fire (EIF)
model. We will use ¥(V) = giAr exp((V — Vr)/Ar) with
VT = Vthresh = —50mV and AT = 3.5 mV. The EIF model
differs from the standard LIF in that it does not include a
fixed voltage that acts as spike threshold. The definition of
Vispike Telies on the fact that as one follows the dynamics at
more depolarized voltages, the exponential term comes to
dominate and the voltage diverges to infinity in finite time.
Setting Vipike = 00, the EIF model can be viewed as setting
the spike time at the peak of a spike. Note that i/ (V) is defined
so that the minimum value of F(V) occurs at V = V7. There-
fore if one were start from rest and increase external current
very slowly, the model will begin to fire when the current is
sufficient to depolarize the cell to V7. In this limited sense,
Vr acts like a spike threshold.

Figure 4 shows results from an EIF model in response to a
step change in input that increases ISI rate from 20 to 40 Hz.
The shape of the post-transition modulations in PSTH-rate
differs significantly from the LIF model. In particular, the
rate rises continuously after the current step, starting from the
pre-transition rate and then rising to a peak. After reaching
the peak there is a slow decrease in rate, followed by a sharp
dip back to the original firing rate at the end of each cycle.
To understand this shape, we focus on the voltage V-, where
the voltage derivative reaches it’s minimum. In analogy with
the LIF model, trajectories in the EIF model accumulate near
Vr, not the spike voltage Vyike = 00. Thus, the peak firing
rate comes from trajectories that were passing through V7 at
the time of the input step. As a result, the peak occurs after
a delay equal to the time it takes to travel from V7 to Vpige.

The continuous rise to the peak rate and the sharp tran-
sition at the end of each cycle result from the nature of the
voltage dynamics just before and after a spike (Fig. 2C). As
the voltage increases on its way to infinity, the exponential
current comes to dominate and the ratio of voltage derivatives
« approaches one, no matter what the value of the external
current. From Eq. (11), the post-step firing rate is equal to
risr @(Vo(2)). Since the firing rate just after the step is de-
termined by voltages reached just before a spike, the firing
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Fig. 4 Phase synchronization in the EIF model and LIF model with
refractory period. (A) Example voltage trace (EIF model). (B, C)
Ensemble firing rate (B. EIF model; C. LIF model). Compare with
Fig. 1

rate after the step is approximately equal to 75, and rates are
continuous at r = 0. Moreover, because the pattern of firing
rates is periodic, the firing rate shows a “dip” to the pre-step
firing rate gy at the beginning of each cycle. Note that the
phenomenon of a dip in ensemble firing rate back to the pre-
transition rate will be found in any model where (i) spiking
dynamics play out over a finite period of time and (ii) spike
shape is relatively invariant to changes in input. The appar-
ent lack of a dip in the firing modulations in the LIF model
is due the fact that spikes in this model are instantaneous.
Figure 4C shows the firing rate modulations obtained from
a LIF model with the same membrane parameters in Fig.
1 but where crossing threshold leads to an event in which
the spike time is recorded 1.0 msec after crossing threshold,
and voltage integration resumes at a hyperpolarized potential
1.5 msec later. Thus, inclusion of a slightly more realistic
spike event to the LIF model restores two of the qualitative
features of the post-transient response obtained from the EIF
model: a delay between the time of the input transient to the
peak firing rate and a dip in the rate back to the pre-transient
firing rate at the end of each cycle. However, the sharp volt-
age threshold still manifests as an instantaneous increase in
firing rate after the delay, as opposed to the more gradual
increase from the EIF model.

After-spike potassium currents

We now return the focus to mechanisms that make the volt-
age derivative more uniform over subthreshold ranges of
voltage. Our expectation was that slowing the voltage down
as it leaves spike reset would have a similar effect as speed-
ing up the voltage as it approaches threshold, and would
also reduce the maximum firing rate after a step transient.

A candidate mechanism to cause such a slow down is the
presence of potassium currents that linger after the spike.
Action potentials activate a host of such currents, with ac-
tivation time scales ranging from one or two milliseconds
to several seconds. We focus here on currents that are slow
enough to be active during a significant portion of an ISI,
but are sufficiently fast to show significant decay from the
beginning to the end of the ISI, such as the “mAHP” cur-
rents recorded in cortical and hippocampal neurons (e.g.
Madison and Nicoll, 1984). In contrast to the fast sodium
dynamics, these slower dynamics cannot easily be approxi-
mated as a function of voltage, requiring the consideration
of a separate dynamic equation. Given these complications,
we perform a rudimentary analysis within the framework of
this paper, but do not pursue these models in detail. (For
a more extensive exploration of related issues, see Gutkin
et al., 2005.)

We consider a highly simplified two variable model,
where the first variable is the voltage V() and the second
variable is a spike-triggered potassium conductance u(t). Af-
ter each spike, u(f) is set to a fixed level ues; and then it
decays exponentially with a time constant of 7, = 35 msec
(Madison and Nicoll, 1984; see Methods). For a fixed input
current /, trajectories will follow a fixed path (u(r), V(¢)).
Along that trajectory we can consider u# to be an implicit
function of the voltage, u(V (¢)) = u(¢), and calculate the
voltage derivative as a function of V using Eq. (2). Follow-
ing the analysis above, we can then calculate the voltage
derivative ratio « as a function of V. By choosing appropri-
ate parameters for the potassium current (#geser = 0.57 g1),
the ratio o can be made to be nearly constant (Fig. 2D).
However, calculating phase synchrony using simulations of
the original two-dimensional model yields a peak rate of
74.6 Hz (see Methods for details), only a slight reduction
from that of the LIF model (89.9 Hz). The reason for this can
be understood if we consider what happens to trajectories
that are approaching threshold when the input is increased.
The change in input takes effect immediately, whereas the
potassium dynamics remains unchanged until the cell fires a
spike. Therefore, to estimate the peak in ensemble firing rate
after the transition, we should consider the voltage derivative
calculated using Eq. (2) with the post-transition value for the
external current /, but with the pre-transition function u(V)
(Fig. 2D, dotted line). Indeed, the « ratio from this calcula-
tion equals 3.52, which is in relatively good agreement with
the corresponding ratio calculated from the simulated rates,
74.6 Hz/20 Hz = 3.73.

Relationship to the phase response curve
Several of the results presented here can be obtained by

an alternative derivations based on the phase response curve
(PRC; Brown et al., 2004a; Gutkin et al., 2005). The PRC can
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Fig.5 Phase synchrony in the LIF model with a spike-triggered potas-
sium conductance. (A) Example voltage trace. (B) Ensemble firing rate

be understood as the result of the following experiment. Sup-
pose a neuron receives a constant level of current sufficient
to cause a steady rate of firing. In addition to this constant
current, small pulses of current are sporadically injected at
different phases of the oscillation and the change in time
At of the next spike relative to the base period is recorded.
By convention, speeding up of spiking is usually assigned
a positive value of Atz. A plot of how Ar depends on the
phase of the oscillation at which the pulse is delivered is
proportional to the PRC.

Translating this experiment to the generalized IF model
in Eq. (1), we note that each pulse of current results in a
small instantaneous depolarization of fixed magnitude AV.
The time to the next spike will be shortened by the time
it normally takes to travel a distance AV along the trajec-
tory, or AV/ %. Therefore, both the PRC and the equilib-
rium density (V) are inversely proportional to the deriva-
tive of the voltage. So for generalized IF models with no
noise, the desynchronized density is equivalent to the PRC,
the only difference being that the density is viewed as a
function of voltage and the PRC is viewed as a function
of phase.

Discussion

We have employed a probability density approach to un-
derstand the mechanisms contributing to phase synchro-
nization in a class of generalized integrate-and-fire neurons
subject to a step change in input. For the noiseless case,
the time-course of post-transient ensemble firing rate de-
pends on the ratio «(V) which measures the ratio of the
voltage derivative before and after the change in input. In

2 Springer

particular, step inputs induce phase synchrony to the de-
gree that the ratio of derivatives a(V) is non-uniform across
voltage. Because it is relatively easy to determine how
various biological mechanisms affect the voltage deriva-
tive, this approach helps to clarify the range of factors
contributing to transient-induced synchronization in these
networks.

Subthreshold factors affecting synchronization

This paper considered four factors affecting phase syn-
crhonization. We focus here on subthreshold integra-
tion. A discussion of spiking follows in the next
section.

The first factor considered is the magnitude of the external
input current. When the input current is sufficiently large it
dominates the voltage-dependent intrinsic currents. As a re-
sult, changes in the voltage derivative are relatively uniform
across all voltages and these inputs induce a relatively small
degree of phase synchrony.

Second, we examined rate changes induced by a step
change in excitatory and inhibitory conductance. Such input
changes affect spike rate by two separate mechanisms: by
changing the membrane time constant and/or by changing
the combined synaptic and intrinsic reversal potential, V°°.
Inputs that only change the membrane time constant result in
a uniform scaling of the voltage derivative and hence induce
zero phase synchrony. For inputs that change the net reversal
potential, the shift in this potential determines the relative
timing of the increases and decreases in post-transient firing
rate. If V°° shifts closer to threshold and yet firing rates
increase, the pattern of phase synchrony will be opposite
to that induced by shifting V*° to more depolarized levels
(Fig. 3). These results highlight the fact that the relative
balance of excitation and inhibition has a strong influence
on the shape of the equilibrium distribution for fixed levels
of input, and hence will also have a strong influence on the
synchronization properties of neurons subject to changing
inputs.

Third, we looked at the influence of fast sodium cur-
rents by examining phase synchrony in the exponential
integrate-and-fire (EIF) model. These currents served to in-
crease the voltage derivative as trajectories approached the
threshold voltage, thus partially counter-acting the buildup
of trajectories near threshold seen in the LIF model. As
a result, the peak firing rate after a step increase in cur-
rent was reduced for the EIF model relative to the LIF
model.

Finally, we considered the effect of adding spike-triggered
potassium currents to the LIF model. By slowing down the
voltage derivative after a spike, it was expected that these
currents would reduce phase synchronization by making the
voltage derivative more uniform as a function of voltage.
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However, implementing these currents in an extended LIF
model led to only a slight reduction in phase synchroniza-
tion. The underlying reason is that changes in input current
affect the voltage dynamics instantly, but potassium currents
remain unaffected until after the next spike. It is unclear how
this temporal mismatch may affect the dynamics for more
complex situations than those studied here (e.g. see Gutkin
et al., 2005).

Separating “integrate” from “fire”

A defining feature of the IF class of models is the use of
voltage thresholds and voltage reset to separate the “inte-
grate” from the “fire.” In particular, these mechanisms serve
as simplified substitutes for the dynamics underlying the
initiation and/or termination of action potentials. In rela-
tion to the analysis presented here, voltage reset introduces
a discontinuity in the voltage derivative along trajectories
which lead to sharp transitions in the post-step ensemble
firing rate.

In the standard LIF model, subthreshold intrinsic currents
are a simple linear function of voltage and spikes are instanta-
neous events triggered at a fixed voltage threshold. However,
over the past decade, the notion of spike threshold has come
under closer scrutiny. A commonly exploited analytical ap-
proach is the use of bifurcation theory to examine the loss of
stability near the onset of spiking. The resulting normal form
equations can be used as simplified neuron models that take
into account the effect of voltage dependent intrinsic currents
(e.g. Brown et al., 2004a; Ermentrout, 1996; Ermentrout and
Kopell, 1986; Hoppensteadt and Izhikevich, 1997; Latham
et al., 2000). The strict applicability of these equations holds
only in the limit of very low rates where the temporal be-
havior of the model is dominated by the dynamics of tra-
jectories near the bifurcation. Like the LIF models, spikes
are relegated to a fast event that separates periods of voltage
integration. However, many neurons fire at rates where the
strong spiking currents are likely to be important during a
significant portion of an interspike interval and may play an
important role in determining a neuron’s reaction to changes
in external input (e.g. Figs. 4B and C). For example, a
2.5 msec spiking event takes up 10% of the period for a
neuron firing at 40 Hz.

The EIF model (Fourcaud-Trocme et al., 2003) can be
seen as an attempt to more realistically model the transi-
tion from integration to spiking within the context of the
one-dimensional IF framework. The transition from spik-
ing back to integrating is still handled using a threshold
and reset mechanism. Given that the mechanisms contribut-
ing spike repolarization are slow relative to the voltage dy-
namics, constructing ensemble dynamics that more realis-
tically model the transitions between integrating and firing
in both directions may require the extension of population

density techniques to two-dimensional dynamic models (see
Gerstner and Kistler, 2002) for references to classical 2D
models; see Izhikevich, 2003 for a simple 2D IF-like
model).

Relation to phase methods

When studying the factors affecting synchrony within en-
sembles of neural oscillators, it is common to separate
issues of phase and frequency by studying perturbations
around a fixed base frequency (e.g. Brown et al., 2004a;
Ermentrout 1996; Gutkin et al., 2005; Hansel et al., 1995;
Hoppensteadt and Izhikevich, 1997 and references therein).
By changing variables, one is often able to write the dy-
namics as d6/dt = w + €f(6) where 6 is the phase of the
unperturbed system, o its angular velocity, and € f (0) repre-
sents a small perturbation. Although this approach simplifies
many types of analysis, the underlying biological parameters
can get obscured during the change of variables. Moreover,
because a different change of variables is generally needed
for each base frequency, it can be difficult to understand
system behavior over a range of frequencies. The approach
taken in this paper has the advantage of relying on a single,
biologically interpretable coordinate system. This perspec-
tive makes it clear that phase synchronization depends on
the relative magnitude of the distribution of states driven
by past input and the equilibrium distribution correspond-
ing to the current level of input. Moreover, because the state
space is readily interpretable, understanding how physiolog-
ically relevant changes will affect the dynamics is relatively
straightforward.

A key element of many phase-based analyses is the phase
response curve or PRC, representing how a perturbation at a
given point in time affects the time of the next spike. From
the perspective of a fixed underlying coordinate system, there
are two separable factors that contribute to the PRC. First,
one must determine how sensitive the underlying state is to
perturbations at various points along the limit cycle. Sec-
ond, one must determine how that state perturbation is trans-
lated into a perturbation in time. For the class of models
analyzed in this paper, calculating both factors is straight-
forward. A small perturbing current moves the voltage by
a fixed amount, and the effect of that perturbation on the
time of the next spike is inversely proportional to the voltage
derivative at that point. Given that the first factor is not state
dependent and that the equilibrium density is also inversely
proportional to the voltage derivative, in these models the
PRC and the equilibrium density are proportional. In more
general models, two factors may intervene to cause the PRC
and equilibrium density to differ. First, the addition of noise
will add a diffusive component to the equilibrium density
and will complicate the relationship between the density and
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voltage derivative. Second, the magnitude of perturbations
in the underlying state space may be state dependent.

Limitations and extensions

The analysis presented here relies heavily on using mem-
brane voltage as a fixed coordinate system to analyze the
dynamics across levels of external input. In generalized IF
oscillators a fixed state space is guaranteed by the reset mech-
anism that returns the voltage to the same value after each
spike. However, voltage reset is simply a convenient sim-
plification and masks a range of dynamic phenomena that
contribute to the hyperpolarization ending a spike and the
voltage integration that follows. Since many of these mecha-
nisms are likely to be affected by the level of external input,
extending the approach taken in this paper to more realis-
tic models will require an examination of how the changes
in external input affect the structure of the underlying state
space.

To facilitate our analysis, we have assumed piece-wise
constant inputs and no noise. This “freezes” the effect of a
step change in input into a pattern of phase synchrony that
persists indefinitely in time. The consideration of noisy, time-
varying inputs introduces a number of complications. How-
ever, our analysis suggests one possible approach: view the
ensemble density at a given time as the product of the equi-
librium density for the current input and a phase-synchrony
ratio (V) representing the relative magnitude of the actual
and equilibrium densities. Given this parsing of the proba-
bility density, the full dynamics of the system is governed by
three basic mechanisms. First, changes in the input will re-
sult in a multiplication of the « ratio by a factor that depends
on the change in the equilibrium distributions that corre-
spond to the changing input. This is the “engine” that drives
phase synchronization. Second, the « ratio will be subject to
the underlying oscillatory dynamics in the system and will
“follow” trajectories of the system, i.e. with constant input
and no noise, a(V (1)) = a(V(¢")) where V(¢) and V() lie
along a single trajectory. Finally, noise introduced into the
system adds a diffusive component to the « ratio, so that
o has a tendency to decay toward a uniform value of one,
reducing phase synchrony in the system (Knight, 1972). It is
the interaction between these factors that will determine the
dynamic response of the system to complex inputs.
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